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With QCD sum rule evaluations, spectral changes of hadrons inside nuclear matter
are considered, which shed light on QCD condensates and thus on the non-perturbative
structure of the QCD ground state. For some light quark configurations, ω meson and
nucleon, the relevance of four-quark condensates is compared; the D meson as a repre-
sentative of heavy-light quark systems is also briefly discussed.
1 Introduction
Hadrons are confined composite systems built out of colored quarks and described by the
theory of strong interaction. These hadrons are excited from the ground state of the theory.
A change in properties of this ground state is expected to reflect in a change of hadronic
properties, especially in spectral functions and moments thereof related to masses of hadrons.
Brown and Rho [1] argued that for light vector mesons a scaling law like mV ∼ 〈q¯q〉x
holds, where 〈q¯q〉 is the chiral condensate and measures the spontaneous breaking of chiral
symmetry and x denotes some positive power. Measurements of ”mass modifications” of
hadrons at finite temperature or when situated inside nuclear matter, that means embedded
in a bulk of protons and neutrons, could then probe the QCD vacuum. The properties of
this ground state are quantified in a number of condensates, which, like universal material
constants, carry important information on symmetry features of the theory. Besides 〈q¯q〉
up to mass dimension 6 the gluon condensate
〈
αs
pi
G2
〉
, the mixed quark-gluon condensate
〈q¯gsσGq〉, the triple gluon condensate 〈g3sG3〉 and structures of the form 〈q¯Γqq¯Γq〉 contribute.
(Γ denotes all possible structures formed by Dirac and Gell-Mann matrices.) We emphasize
here the specific role of the latter class of condensates, which still lack information, the four-
quark condensates.
We discuss how some of these condensates could change under the influence of surround-
ing nuclear matter. Therefore, the method of QCD sum rules is applied, which is able to deal
with a large variety of hadrons, so our findings and similar considerations for other hadrons
can reveal more insight into changes of hadronic properties at finite baryon density.
2 QCD Sum Rules at Finite Density
The effect of the non-perturbative regime of QCD can be accounted for by including power
corrections to the correlation function
Πµν(q) = i
∫
d4x eiqx 〈Ψ |T [jµ(x)jν(0)]|Ψ〉 (1)
of the hadron described by the current jµ. These corrections for large space-like momenta
q2 enter via an operator product expansion (OPE) of (1) and introduce Wilson coefficients
multiplied by local normal ordered expectation values of quark and gluon fields – the QCD
condensates. On the other side the correlation function is related solely to the properties of
the hadronic degrees of freedom, often taking a simple pole ansatz of a low-lying resonance
or, more generally, considering moments of spectral distribution functions valid for q2 > 0.
Due to the assumed analyticity of the correlator Πµν , dispersion relations equate both ap-
proaches. This leads to the celebrated QCD sum rules introduced by Shifman, Vainshtein and
Zakharov [2]. In order to draw conclusions for the hadron masses, say, an appropriate range
in q2 has to be considered; various evaluation procedures exist. We work with Borel trans-
formed dispersion relations where unknown polynomials are cancelled, higher excitations in
the hadronic ansatz are suppressed and the convergence of the operator product expansion is
improved.
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Figure 1: The chiral condensate (left panel) and gluon condensate (right panel) as func-
tions of temperature T and density n in dilute gas approximation [3].
Effects of finite baryon density n or temperature T are described by the change of con-
densates and the advent of new structures which are absent at zero density or temperature.
In dilute gas approximation the medium changes are linear in densities as evidenced by the
leading terms
〈O〉 = 〈O〉0 +
n
2MN
〈N |O|N〉 +
T 2
8
〈pi |O| pi〉+ . . . . (2)
For instance, Fig. 1 shows that with increasing temperature or density the chiral and gluon
condensates decrease. If one relies on Brown-Rho scaling this implies a lowering of masses
of light vector mesons [4], a question experimentally looked for by HADES in the dielectron
decay channel [5]. Even the often quoted Ioffe formula for the nucleon mass MN ∝ 〈q¯q〉
points to similar conclusions. However, instead of simple pocket formulas, one has to per-
form consistent QCD sum rule evaluations for an accurate inclusion of relevant condensates.
Therefore, we consider here examples of different light or heavy quark configurations: ω, N ,
D and J/Ψ; and focus on baryon density effects.
3 What Medium Modifications Tell about Condensates?
3.1 Light quark vector mesons: The case of ω
In sum rules for light vector mesons the behavior of the ω in-medium mass is dominated by
the density dependence of a combination of four-quark condensates [6, 7]. The CB-TAPS
collaboration observed in the reaction γ +A→ A′+ω(→ pi0γ) the occurrence of additional
low-energy ω decay strength for a Nb target compared to a hydrogen target [8]. This can be
used to constrain the density behavior of the specific four-quark condensates in the ω sum
rule [9]. Writing out the sum rule equation for the first moment of the spectral distribution
function leads to
m2ω(n,M
2, sω) =
c0M
2
[
1−
(
1 + sω
M2
)
e−sω/M
2
]
− c2
M2
− c3
M4
− c4
2M6
c0 (1− e−sω/M
2) + c1
M2
+ c2
M4
+ c3
2M6
+ c4
6M8
− Π
ω(0,n)
M2
. (3)
Here, M is the Borel mass, cj are the terms of the OPE including Wilson coefficients and
condensates (for details cf. [10]), and sω is the so-called continuum threshold. The moment
mω(n,M
2, sω) is defined as
m2ω(n,M
2, sω) ≡
∫ sω
0
ds ImΠω(s, n) e−s/M
2
∫ sω
0
ds ImΠω(s, n) s−1e−s/M2
; (4)
for a pole ansatz for ImΠω it corresponds to the pole mass. Especially in c3 the flavor-mixing
four-quark condensates 2
9
〈u¯γµλAud¯γµλAd〉+〈u¯γ5γ
µλAud¯γ5γµλAd〉 and the pure flavor four-
quark condensates (for which we employ u− d isospin symmetry; γµ and λA stand for Dirac
and Gell-Mann matrices) 2
9
〈q¯γµλAqq¯γµλAq〉 + 〈q¯γ5γ
µλAqq¯γ5γµλAq〉 enter. The density de-
pendence of these condensates is taken as the linearized density behavior of the squared chiral
condensate multiplied by parameters κ. For the given combination of four-quark conden-
sates an effective parameter κN describes the strength of their total density dependence. The
in-medium modification of the light vector meson masses crucially depends on the density
dependence of four-quark condensates, which can already be estimated analytically if one
expands the given sum rule equation for small densities and employs standard condensate
values and parameters from the full sum rule evaluation
m2ω(n) = m
2
ω(0) + n(4− κN)
0.03
n0
GeV2 . (5)
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Figure 2: The mass parameter m2ω from a full QCD sum rule evaluation as a function
of the baryon density for κN = 4 and c4 = 0 (solid curve). The effect of a c(1)4 term in
the expansion c4 = c(0)4 + c
(1)
4 n/n0 is exhibited, too (c(1)4 = ±10−5n−10 GeV 8: dashed
curves, c
(1)
4 = ±5 × 10
−5n−10 GeV 8: dotted curves; the upper (lower) curves are for
negative (positive) signs). For further details cf. [9].
The estimate points out that a strong density dependence (κN > 4) is required for an at
least not increasing moment m2ω. (Note that QCD sum rules do not specify the shape of the
in-medium spectral functions, but constrain moments thereof.)
In Fig. 2 this critical situation is exhibited, further, the inclusion of the next higher di-
mensional condensates is shown. It changes the absolute value of the critical κN , but not
the qualitative requirement of a strong density dependence of the combined four-quark con-
densates for consistency with the observation of CB-TAPS. This implies at finite densities a
considerable drop of the four-quark condensate combination considered here. As a conse-
quence the integrated ρ spectral density must be ”down shifted” even stronger.
3.2 Light quark baryons: Nucleon
We now apply QCD sum rules to derive predictions on the in-medium behavior of self-
energies of the nucleon as they occur in its propagation function
G(q) =
1
qµγµ −MN − Σ(q)
, (6)
which can be decomposed into invariant parts using the two characteristic Lorentz vectors
of the problem, the nucleon momentum qµ and the medium velocity vµ. This decomposition
together with the pole structure of G(q) leads to the definition of the scalar and vector self-
energies Σs and Σv. The first accounts for the deviation from the nucleon vacuum mass MN.
In-medium chiral perturbation theory for example predicts large cancellation effects between
these two quantities [11], i.e. the self-energies should be comparable in magnitude but have
opposite signs.
QCD sum rule evaluations showed a significant dependence of the self-energies on the
density behavior of four-quark condensates [12]. The standard treatment for four-quark con-
densates is to simplify it to squares of the chiral condensate 〈q¯q〉 (this is the ground state sat-
uration approximation), which is supported by large Nc arguments. As for the ω case above
we repeat to test this approximation while we apply our parameterization of four-quark con-
densates for the full set of structures which appear in the operator product expansion for the
nucleon interpolating fields. The sum of all parameterized four-quark condensates up to a
linear dependence in baryon density n
∑
Γ,C,f1,f2
α〈·〉〈q¯f1Γ1C1qf1q¯f2Γ2C2qf2〉 = Aκ
vac
N +Bκ
med
N n
yields effective parameters κvacN and κmedN which describe deviations from the standard treat-
ment. The sum runs over all four-quark condensates with weight factors α〈·〉 and extends the
condensate list for the vacuum case [7], Γ,C and f denote Dirac, color and flavor structures;
A and B are constants and estimate the order of magnitude as given by the factorization limit.
A value of κmedN = 0 corresponds to no density-dependence of the combined four-quark con-
densates, a value of κmedN = κvacN to a density behavior similar to that of the squared chiral
condensate (κvacN is adapted to the correct vacuum nucleon mass). The results in Fig. 3 exhibit
the variation of the dominant κq and its consequences for the self-energies as function of the
Fermi momentum of the nucleon. The sum rules for the nucleon involve actually three equa-
tions each of them containing its own set of four-quark condensates, we consider here the
most sensitive part with κq. A symmetric picture of self-energies is achieved if the combined
four-quark condensates are hardly density dependent, expressed by κq ≈ 0. Calculations of
four-quark condensates in a perturbative chiral quark model support this choice [13].
The four-quark condensates in sum rules for baryons like the nucleon differ significantly
from those in meson sum rules. The three quark systems generically yield the occurrence
of linear combinations of these condensates already in zeroth order of αs in two different
color structures. This interestingly leads to a reduction of the list of independent four-quark
structures for baryons, contrary it makes a connection to meson four-quark condensates par-
tially impossible, since the latter appear only with one type of color contraction. Therefore,
a consideration of structures in other baryon sum rules, for example the ∆, could provide
more information on four-quark condensates and especially how the sum rules of nucleon
and other baryons are related in this respective.
3.3 Heavy quark systems: D meson and J/Ψ
In confined systems including a heavy quark Q (say charm) the inverse mass deals as ex-
pansion parameter, further other condensates can become important. For example, Wilson
coefficients which contain the heavy quark mass like a term mQ 〈q¯q〉 are numerically ampli-
fied (contrary to the ω sum rule). In the case of charmed mesons one can relate combinations
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Figure 3: The scalar and vector self-energies Σs (upper part) and Σv (lower part) of the
nucleon as functions of the nucleon Fermi momentum kF for different density dependen-
cies of the combined four-quark condensates. The preferred symmetric picture is realized
if this dependence is weak.
of positive and negative frequency parts of the correlation function to even and odd compo-
nents with respect to q0 of the operator product expansion
q40
pi
∫ ∞
0
ds
s2
1
s− q20
(ImΠ+(s) + ImΠ−(s)) + subtractions = ReΠ
e
OPE(q0), (7)
q50
pi
∫ ∞
0
ds
s5/2
1
s− q20
(ImΠ+(s)− ImΠ−(s)) + subtractions = ReΠ
o
OPE(q0), (8)
so that sum rules for D+ and D− yield predictions on the average mass and the mass splitting;
q0 is the time component of the off-shell D meson at rest. It has been suggested that the
center of masses (mD− + mD+)/2 decreases slightly in medium [14], accompanied by an
enhancement of the splitting (mD− −mD+) [15, 16]. Quantitative uncertainties arise due to
the questionable use of a pole + continuum ansatz as well as not well known but important
condensates, especially mixed quark-gluon structures. This point deserves further detailed
studies with respect to envisaged investigations within the CBM and PANDA projects at
FAIR.
For systems of two heavy quarks (Q¯Q), like J/Ψ, one might naively expect a further
enhancement of the role of the chiral condensate. However, only the combination mQ
〈
Q¯Q
〉
enters the sum rule; in leading order there is no term ∝ 〈q¯q〉. In the heavy quark mass
expansion the heavy chiral condensate is related to gluonic condensates [2, 17]
mQ
〈
Q¯Q
〉
= −
1
12
〈αs
pi
G2
〉
−
〈g3sG
3〉
1440pi2m2Q
−
1
30m2Q
〈αs
pi
(DµGaαµ)(DνG
αν
a )
〉
+ . . . ; (9)
the last term in Eq. (9) is by means of the equations of motion related to four-quark conden-
sates. A sum rule evaluation for J/Ψ [18] shows tiny in-medium effects, conceivable from
the lowest dimension gluonic condensate
〈
αs
pi
G2
〉
which is inert against density changes far
from the deconfinement boundary.
4 Summary
It was pointed out that QCD sum rules relate hadronic properties at finite temperature and/or
density to universal condensates parameterizing the QCD ground state. Among these for ω
meson and nucleon we emphasized the importance of the density dependence of combined
four-quark condensates, which appears to be strong for the ω case and weak for the com-
binations in the nucleon example. In systems containing heavy quarks other condensates
contribute dominantly.
Although four-quark condensates can not generally be considered as order parameters
for chiral symmetry, only specific combinations behave like the chiral condensate 〈q¯q〉 under
chiral transformations, they nevertheless carry information about the complicated structure of
the QCD vacuum. This, in summary, signals significant modifications of the ground state, and
since the condensates represent universal parameters for all hadrons an understanding of the
ω and nucleon in-medium properties is inevitable incorporated with the density-dependent
properties of all low-lying hadrons.
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